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Goal
Find an expressive class of

problem instances where many
local search algorithms are both

effective and efficient
.
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Fitness Landscape

Find an assignmentx to n Boolean variables :

X = XeXzXz ... Xn Xi + 50
, 13

X = 50, 134

That maximizes some fitness function

+: so, B" ->

Two assignments are adjacent if they differ on

exactly one bit
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#Strict)Local Search

start at some assignment X.

While there is an adjacent x' such that f(x) > f(x) :

set x = x ↑
fitness

Return X& function

X is a
local peak

(local optimum)
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#Strict)Local Search

start at some assignment X.

While there is djacent x' such that f(x) > f(x) :an a

~
set x = x

I Different rules on how to

select X'give rise to

Return X different local search

algorithms
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#Strict)Local search relaxed sometimes

start at some assignment - -X.
E

While there is an adjacent x' such that f(x) > f(x) :

set x = x

Return X
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Effective
-

Efficient
Did we find

a good Did we find a solution

solution ? quickly ?



4/19

Effective Efficient
-

Did we find
a good Did we find a solution

solution ? quickly ?

edlelandscapeone assignment hasS2 - E

↓ large f

Has many
f(x)

local peaks
① 00 ............ I

all others get
zero f

.



4/19

# Effectivecient

Did we find
a good Did we find a solution

solution ? quickly ?

edlelandscapeone assignment hasS2 - E

↓ large f

Has many
f(x)

local
peaKS

① 00 ............ I
all others get
zero f

.



4/19

ElFective
a good

Efficient
Did we find a solution

solution ? quickly ?



5/19

# Effective
-

#Efficient
Did we find

a good Did we find a solution

solution ? quickly ?

single peaked landscapes
~

.onlyassignme
a



5/19

# Effective- Efficient
Did we find

a good Did we find a solution

solution ? quickly ?

single peaked landscapes



5/19

# Effective- Efficient
Did we find

a good Did we find a solution

solution ? quickly ?

single peaked landscapes
Steepest Ascent

(2019)



5/19

# Effective- Efficient
Did we find

a good Did we find a solution

solution ? quickly ?

single peaked landscapes
Steepest Ascent

Random Ascent

(2016)



5/19

# Effective- Efficient
Did we find

a good Did we find a solution

solution ? quickly ?

single peaked landscapes
Steepest Ascent

Random Ascent
Random Facet



5/19

# Effective- Efficient
Did we find

a good Did we find a solution

solution ? quickly ?

single peaked landscapes
Steepest Ascent

Random Ascent
Random Facet

(2005) Jumping rules
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Goal
Find an expressive class of

problem instances where many
local search algorithms are both

effective and efficient
.

j
can guarantee by

single peak
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Goal
Find an expressive subclass of

single peaked landscapes where many
local search algorithms are

efficient
.
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Building up to our class

f(x , X, Xz) = 10x2 + 30x + 30Xz

( Recall Xi-50 , 13 and weare maximizing
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Building up to our class

f(x , X, Xz) = 10x2 + 30x + 30Xz

should we set X1 =1 YES

Xz = 1 YES

3Xe = 1 YES

unique
peak : 111
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Building up to our class

f(x , X, Xz) = 10x2 + 30x + 30x3
setting any variable to 1

improves
f independent of

the assignment to other

variables
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Building up to our class

f(x , X, Xz) = 10x2 + 30x + 30Xz
Xs unconditionally prefers I

f(x
, XzXz) = 10x1 + 30x + 30x3 - 20xeXz+20x

, xz
- 20x2Xs

X prefers I conditioned on↳ + (x ,
X

- 1) = 30x
, + 10xz - 20x

, xz + 30 Xz = 1

X 2 prefers O conditioned↳f(axn1) = - 10xz + 60
on Xe = 1 and Xz = 1

Optimizing is easy if we first ask about X3 :
then ask about X1g

and then ask about X2



7/19

Building up to our class

f(x , X, Xz) = 10x2 + 30x + 30Xz

f(x
, XzXz) = 10x1 + 30x + 30x3 - 20xeXz+20x

, xz
- 20x2Xs

↳ + (x ,
X

- 1) = 30x
, + 10xz - 20x

, xz + 30

↳f(axn1) = - 10xz + 60



7/19

Building up to our class

f(x , X, Xz) = 10x2 + 30x + 30Xz

& These easy landscapes where
Il

the "preferred assignment of a

variable is independent of the

assignment to any other variable

are called smooth fitness landscapes
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Building up to our class

&
We will call these conditionally-smooth

f(x
, XzXz) = 10x1 + 30x + 30x3 - 20xeXz+20x

, xz
- 20x2Xs

↳ + (x ,
X

- 1) = 30x
, + 10xz - 20x

, xz + 30

↳f(axn1) = - 10xz + 60
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Conditionally smooth landscapes
Definition 8.

#fitness landscape is conditionally-so oth if

there exist an orderingof the variables
such that the preferred assignment of

a variable is independent of variables
later in the ordering conditioned on

all earlier variables being set to their

assignment at the peak .

( * can be a partial order)
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Conditionally-smooth landscapes
are expressive

can express instances where some popular
local search algorithms are inefficient

Theorem 19
.

There exist conditionally-smooth fitness
-

landscapes where greedy local search

takes an exponential number of steps
to the peak .
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Conditionally-smooth landscapes
are expressive

can express instances where some popular
local search algorithms are inefficient

Theorem 20.
. There exist conditionally smooth

-

fitness landscapes where

Random Facet takes an expected
①(m))

e steps to the peak.
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Conditionally-smooth landscapes
are expressive

Both Steepest Ascent and Random Facet
lack a property that many

other

local search algorithms have...
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Definition10-Bypass
An algorithm A is a poly-bypass algorithm if

no improving flip of a variable is by-passed by A for

more than a polynomial number of steps .

S
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Intuition for poly-bypass
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Intuition for poly-bypass

f(x- XzXz) = 10x1 + 30x + 30x3 - 20xeXz+20x , xz
- 20x2Xz

Frecall Xy unconditionally prefers 1.

f(x) O 10 10 3040

X

0004110+ 010 + 01

In all these steps the

improving flip of Xg is bypassed
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Definition10-Bypass
An algorithm A is a poly-bypass algorithm if

no improving flip of a variable is by-passed by A for

more than a polynomial number of steps .

S

000 - 100- 110+ 010 - 011

-
poly
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Theorem 11
* On-BYPAs -smooth landscape on bits

a poly-bypass algorithm takes at most

no poly (n) steps to find the peak.
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Theorem 17
* On

Holy-Bypass
a conditionally-smooth landscape on bits

a poly-bypass algorithm takes at most

no poly (n) steps to find the peak.

Proof (sketch) : Suppose - .

1
. 0

.g that the natural order (*)
certifies conditional smoothness.

current
Let the current assignment X agree
with ** on the first m bits

.
(m < n) .

current
In at most poly (n) steps X agrees with X

*

on at least the first mil bits.

Two assignments differ in at most n bits
.

1
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Theorem 17
* On

Holy-Bypass
a conditionally-smooth landscape on bits

a poly-bypass algorithm takes at most

no poly (n) steps to find the peak.

Many popular local search algorithms are poly-bypass !
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Poly-Bypass
Theorem 17

* On-
a conditionally-smooth landscape on bits

a poly-bypass algorithm takes at most

no poly (n) steps to find the peak.

↑-

his bound is loose

and we can tighten it

Many popular local search algorithms are poly-bypass !
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Theorem 11
* On-BYPAs -smooth landscape on bits

a poly-bypass algorithm takes at most

no poly (n) steps to find the peak.
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Poly-Bypass
-

Proposition 14 .
On a conditionally-smooth landscapes on
n bits

,
the expected number of steps of

Random Ascent is

-

> n + width (s) (1 + 10g (width()) (height)1 ↑S

thepartialordercertifyingas
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Proposition 15
.

On
tBypasly-smooth landscapes on

n bits
,

the expected number of steps of

Simulated Annealing is

= T + n
↑

some constants
specific to

Simulated Annealing
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Proposition 15
.

On
tBypasly-smooth landscapes on

n bits
,

the expected number of steps of

Simulated Annealing is

#Strict)Local Search relaxed sometimes

- -
start at some assignment X.

E

While there is an adjacent x' such that f(x) > f(x) :

set x = x

Return X
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&

Poly-Bypass

Proposition 16 .
On a conditionally-smooth landscapes on
n bits

,
the expected number of steps of

Random Jump is
< log (width (c)+ 2) height()
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&

Poly-Bypass

Proposition 16 .
On a conditionally-smooth landscapes on
n bits

,
the expected number of steps of

Random Jump is
Local Search#Strict) relaxed sometimes

- -
Start at some assignment X.

E

While there is an adjacent x' such that f(x) > f(x) :

set x = x

Return X
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Conclusion

Conditionally-smooth fitness landscapes are an
expressive class of problem instances on which

many (but not all) local search algorithms are
effective an efficient

.



17/19

Conclusion

Conditionally-smooth fitness landscapes are an
expressive class of problem instances on which

many (but not all) local search algorithms are
effective an efficient

.

Not covered today
Connection to constraint graphs of valued CSPs
that are "directed and acyclic

(Sections 4 &5)
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Future work
-

1) Generalize conditionally-smooth from Boolean to

higher-valence domains.

2) Are block-wise conditionally-smooth landscapes
still efficient for many

local search algorithms ?

2a) FPT parameterized by size of largest block ?
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