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Some gems of stringology...

■ exact pattern matching...

O(n) time [Knuth et al. ’77]

s t a c k s a t s t a c s a t t r a c k a a c k
1 n 1 m

3 18

T = P =

occ = {3, 18}

■ Lempel-Ziv compression...
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■ Longest Common Extension (LCE) data structure...

O(n) construction time [Farach ’97]
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String synchronizing sets

■ would like a powerful tool for designing truly linear time algorithms
■ should consider words not symbols or bits

■ example for LCE data structure (for binary alphabet)
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■ compute LCE data structure for T ′ in O(n/w) = O(n/ log n) time
■ can answer LCE on T if query positions are i ≡ j mod w
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■ fix parameter τ , typically τ = Θ(w)
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■ only O(n/τ) synchronizing positions, so |T ′| = O(n/τ) = O(n/ log n)
■ all of T overlapped by synchronizing fragments
■ some extra conditions for periodic fragments apply
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7
String synchronizing sets

preprocessing construction
(independent of τ) (depends on τ)

[Kempa+Kociumaka ’19] none O(n/ logσ n) only for τ < 1
5 logσ n

[Kociumaka et al. ’24] O(n) O(n/τ)
this paper O(n/ logσ n) O(n/τ) simple representation

O(n/ logσ n) O(n log τ/(τ log n)) compressed representation

■ most applications use τ = Θ(logσ n)
■ some applications can benefit from arbitrary τ

Example: Space-time trade-off for LCEs:
■ LCE reduces to scanning O(τ) symbols and computing one LCE in T ′

■ scan takes O(1 + τ/ logσ n) time in a word-wise manner
■ LCE data structure of T ′ is of size O(n/τ) words
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Some new tools we developed

s t a r t s t a c k s a t s t a c sT =
s → 0 t → 0 a → 1

∀x ̸= s : x → 0

s → 0

c → 1

■ preprocess q-state transducer in O(qnε) time
■ run transducer in O(n/ logσ n) time

or O(|enc(T )| / log n)

■ also for multiple input/output streams

Custom sparse encoding:

0 0 0 0 2 0 0 6 0 0 0 1 0 0 0 0 0 9 0 0 4 4T =

enc(T ) = 0·δ(4) · 1·δ(2) · 0·δ(2) · 1·δ(6) · 0·δ(3) · 1·δ(1) · 0·δ(5) · 1·δ(9) · 0·δ(2) · 1·δ(4) · 1·δ(4)
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Conclusion

■ string synchronizing sets in O(n/ logσ n) time for all τ

■ truly linear time transducers
■ sparse encoding for even faster transducers

Open questions:

■ complexity gap O(n/ logσ n) vs. O(n log σ/
√

log n), see [Kempa+Kociumaka ’25]

■ faster algorithms for w ≫ log n, can we get O(n log σ/w) time?
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