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Twins

Similar looks but contrasting nature
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Determinant vs Permanent

School days revision

a b c
A= |d e f
g h i
Determinant of A is
e f d f d e
det(A)fah ; —b‘g ; C‘g h

= a(ei — fh) — b(di — fg) + c(dh — eg)
= aei — ath — bdi + bgf + cdh — ceg.

Permanent of A is
aei + afh + bdi + bgf + cdh + ceg.
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Definitions
The sign game

The determinant and permanent of an n x n matrix M = (aj;) are defined as

det(M Z sgn(o H i 5(i)>

€S,

n
per(M) = Z H i o(i)>

€S, i=1

respectively, where S, is the set of all permutations of {1,2,..., n}, the sign function
sgn(o) is 1, if o is even and -1 if o is odd, respectively.
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Complexities

Determinant of any matrix can be computed in O(n?37). Thanks to Gaussian
elimination.

Computing the permanent is known to be # P-complete even for a (0, 1)-matrix.
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Where they appear?

Determinant Permanent
det(A Z sgn(o H i o per(A) = Z H 3i.0(i)
c€S, c€S, i=1
Quantum Physics Fermions Bosons
Uses Linear Algebra, Volume/Geometry/  Combinatorics / Statistical me-
Everywhere chanics
Counting in Graphs Spanning trees Perfect Matchings
Computationally Easy Hard (?)
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So we have

» Determinant € P [KV05] & Permanent € #P [Val79].
» One sign change but a huge complexity gap.

» Why removing the sign factor makes the complexity jump from P to #P?
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Why is determinant faster?

For any n x n matrix A (after reordering rows if needed),

1 0 e 0 U11 Ugp - Uin
621 1 ... 0 0 Uy -+ Usp
A=
Enl £n2 A 1 0 0 c. Unn
L U

det(A) = det(LU) = det(L) det(U)

det(A) = ﬁ Uji.
i=1

This fails for the permanent:

per(AB) # per(A) per(B) in general.
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One key algebraic property: multiplicativity

Determinant Permanent
Multiplicative: Not multiplicative:
det(AB) = det(A) det(B) per(AB) # per(A) per(B) in general.

So elimination-style factorizations do not
yield a shortcut for per(-).

= This single identity is why LU helps det, but not per.
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What survives in both worlds? Studying analogs

Determinant
» Characteristic polynomial:

X(A) = det(x/ — A)

» Roots = eigenvalues A1, ..., A,.

!Permanental polynomials of graphs: [Tur68;

Permanent
» Permanental polynomial:

m(A) = per(x/ — A)

» Per-roots: roots of m(A) = 0.

MRW81; KTG81].
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More analogs: rank and nullity

Determinant

> Nullity (if AT = A):
n(A) = multiplicity of 0 as an
eigenvalue.

> Rank:

largest k such that some k x k minor
has det # 0.

Per-nullity: [WZ15].
2per-rank: [Yu99).

Permanent

» Permanental nullity!:
Nper(A) = multiplicity of 0 as a root of
7(A).

> Permanental rank?:
largest k such that some k x k
submatrix has per # 0.
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A natural question

Determinant Permanent

» Rank—Nullity theorem: » Do we also have:

p(A) + n(A) = n. Prer(A) £ 1per(A) = n 7
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Our work
A permanental analog of rank—nullity

Let A be an n x n matrix. Then

pper(A) + 7/per(A) > n.

For the following classes equality holds:
1. Symmetric nonnegative matrices
2. Positive semidefinite matrices

3. Adjacency matrices of balanced signed graphs
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How did we prove it?

(High level idea for nonnegative symmetric matrices)

Let per(x — A) = 37 bix"~' then by = (—1) 2 sj—« Per(A[S, 5]) | [Min78]

g
‘ If pper(A) = k = by = 0 for i > k = poer(A) + 1hper(A) > 1 ‘
g
\ Goal: show by # 0 = 7per(A) = n — k ‘
4
We prove if A= AT and pper(A) = k = a k-vertex directed cycle cover on G associated with A
U
‘ 35, |S| = k with per(A[S,S]) #0 ‘
4

If A>0: be = (—1)"3 5, per(A[S,S]) >0 = b #0
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How did we prove it?

(Positive semidefinite matrices)
If pper(A) = k, then some k x k submatrix has

per # 0.
For PSD matrices, we show this implies
35 Cn], |S| =k, per(A[S,S])#0.
Also, every principal submatrix is PSD, so?
per(A[S,S]) >0 for all S.

Hence

b =(—1)* > per(A[S, S]) #0,

|S|=k
and therefore
poer(A) + Tper(A) = n.

2 [Pak23]
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How did we prove it?
(High level idea for balanced signed graphs)

Let A be the signed adjacency matrix of a balanced signed graph.

We can write3,
A= DBD,

where B is the adjacency matrix of the underlying unsigned graph, and D is a suitable
diagonal matrix entries 1. We show

Pper(A) = pper(B).
Since B is nonnegative matrix

Pper(B) + Mper(B) = n = pper(A) + 1per(A) = n.

3 [Har53]
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Characterization

Let A € {0,£1}"*" be symmetric and let k = pper(A). Then
Pper(A) +1per(A) =n = Ec# O,

where E; and O; denote the positive- and negative-weight i-vertex cycle-cover contributions,
respectively; namely,

E:=(-1) ) HCeL(S):w(C)=+1}, 0:=(-1)" Y [{CeL(S): w(C)=-1}.
SCln SCln]
|S|=i |S|=i

In words, equality holds exactly when the positive and negative k-vertex cycle-cover
contributions do not cancel.
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Computational takeaway:

Decision problem:

Per-Rank : Given (A, k), decide whether ppe(A) > k.

In general: PER-RANK is NP-hard.

But on some structured classes (nonnegative /PSD/ balanced signed adjacency),

Per-Rank is poly-time
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Thank You

Questions?
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