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Sure–almost–sure stochastic parity game
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⃝ Player 1 vertices □ Player 2 vertices ♢ Probabilistic vertices

• Turn-based stochastic parity games.
• Two parity conditions (maximum priority visited infinitely often is even):

• Sure: satisfied on all plays.
• Almost-sure: satisfied with probability 1.

• Goal: synthesize optimal strategies satisfying both.
2 / 17



Related Work (Sure–almost–sure parity game)

MDPs
• Has been studied for the special case of Markov decision processes (MDPs)
(Berthon, Randour, Raskin ’19)

• Markov decision processes are special cases of stochastic games where there are
only ⃝ (Player 1) vertices and ♢ probabilistic vertices, and there is no □ (Player
2) vertex.

Stochastic games

• The problem is coNP-complete and these games are determined (Chatterjee,
Piterman ’19)

• Player 2 guesses a memoryless winning strategy.

• Does not provide any idea about how Player 1 needs to play to satisfy the
specification.
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Our contributions

1. Provide an algorithm to compute the winning set of the system player (Player 1).

2. Designing a winning strategy for Player 1.
This also leads to considering the special cases: computational complexity and
memory requirements (fixed number of priorities, Büchi, coBüchi)

3. A new construction of a parity game equivalent to the intersection of two parity
games with a blow up that is exponential only in either of the parity indices.

Crucial to prove that the synthesis problem is in NP ∩ coNP when one of the
parity conditions has a fixed index.
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Strategy construction for sure-almost sure parity in MDPs
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Figure: MDP Example (Berthon, Randour, Raskin’ 17)

• Player 1 has a strategy σ to satisfy parity 1 surely and parity 2 almost-surely
(with probability 1).

• Strategy plays in infinite sequence of rounds.
• In round i , in state a, the strategy chooses b for ni steps, such that the probability

to reach c during round i is larger than 1− 2−i .
• If during round i , c is not reached, then σ goes to d once.
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Strategy construction for sure-almost sure parity in MDPs
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Figure: MDP Example (Berthon, Randour, Raskin’ 17)

The strategy σ of Player 1 is an infinite memory strategy.

It satisfies surely Büchi({c, d}) and almost-surely coBüchi({a, b, c}).

Further, no finite memory strategy of Player 1 exists here.
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Strategy construction for sure-almost sure parity in stochastic games

In MDPs, the construction of a strategy heavily depends on the existence of so-called
end-components.

Strategy for Player 1 in stochastic games

• Start by playing an almost-sure winning strategy for Player 1 for the objective
Parity(Ω1) ∩ Parity(Ω2).

• Parity(Ω1) can be violated with probability 0.

• Switch from time to time to a strategy to visit a large priority for Ω1 which may
though ignore the second priority.

• Switching should be rare thereby probability of violating second priority should be
0.

• Switching guarantees that all outcomes satisfy Parity(Ω1) surely.
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Switching condition in stochastic games

A long sequence of odd priorities is seen without seeing any larger priority.

Given odd priority p and integer N, let

Unlucky(p,N) = {ρ ∈ V ω | the first N elements of πΩ1≥p(ρ) are p}

be the event that at least N priorities ≥ p occur and the first N such priorities are p.

3 3 3 3 3 3 3

Unlucky(3, 7)
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Winning region of Player 1 with an even largest Ω1-priority
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Decomposition of a winning region with an even largest Ω1-priority d , into the sure
attractor A (for Player 1) to d and the subgame closure of B = V \ A.
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Winning strategy of Player 1 with an even largest Ω1-priority

When the largest Ω1-priority is even, all vertices in G are sure-almost-sure winning for
Player 1 for the parity objectives Parity(Ω1) and Parity(Ω2) if and only if Player 1 has
an

• an almost-sure winning strategy σAS for Player 1 from every vertex of G, for
objective Parity(Ω1) ∩ Parity(Ω2);

• a sure-almost-sure winning strategy σsub for Player 1 from every vertex in ⌈G⌉B
for the parity objectives Parity(Ω1) and Parity(Ω2) in the subgame closure ⌈G⌉B ,
where B = V \ A and A = SureAttr1(V (Ω1, d)).
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Winning strategy of Player 1
When its largest Ω1-priority is even.
τ ∈ V ∗V1: a history, kp: a pointer to a position in the history, ip: phase number
associated with priority p, Nip : Probability of Unlucky(p,Nip) is less than 2−ip .
Initially unlucky = ⊥ (false) and kp = ip = 0 for all odd p.

Strategy

1. if Ω1(Last(τ)) = d , then set unlucky = ⊥ and play σAS(τ);

2. if unlucky = ⊥,

a. if |πΩ1≥p(τ(kp▷))| < Nip for all odd p, then play σAS(τ);
b. else, for each odd p such that |πΩ1≥p(τ(kp▷))| ≥ Nip ,

i. if the first Nip elements of πΩ1≥p(τ(kp▷)) are all p’s, then set unlucky = ⊤;
ii. increment ip, and set kp = |τ |;

5 3 5 5 3 5 3 3

Not Unlucky(3, 4) but Unlucky(5, 4) 11 / 17



Winning strategy of Player 1 with an even largest Ω1-priority

The sure-almost-sure winning region W (for Player 1) when its largest Ω1-priority is
even.
The variable kp is a pointer to a position in the history, and ip is the phase number
associated with priority p. Initially unlucky = ⊥ (false) and kp = ip = 0 for all odd p.
History τ ∈ V ∗V1:

3. if unlucky = ⊥, then play σAS(τ);

4. if unlucky = ⊤,

a. if Last(τ) ∈ B, then play σsub(τ
′) where τ ′ is the longest suffix of τ that is entirely

in B;
b. else Last(τ) ∈ A, and play σAttr (τ).
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Winning region of Player 2 with an odd largest Ω1-priority
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Decomposition of a winning region with an odd largest Ω1-priority d , into the positive
attractor A (for Player 2) to d and the subgame induced by B = V \ A.
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Other cases

• Largest Ω1-priority is odd in the winning region

• Largest Ω1-priority is even in the spoiling region

Solved by recursive calls on subgames with a smaller number of Ω1-priorities.
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Zielonka-style algorithm for sure-almost-sure synthesis problem

For even d , restrict G to G↾WAS
where WAS is the almost-sure winning region for

Parity(Ω1) ∩ Parity(Ω2).

d
even

A

W ′
2

B

V \B

SureAttrG1 (V (Ω1, d))

PosAttrG2 (W
′
2)

d
odd

A

W ′
1

B

V \B

PosAttrG2 (V (Ω1, d))

SureAttrG1 (W
′
1)

15 / 17



Zielonka-style algorithm for sure-almost-sure synthesis problem

Time complexity

ASPG(N, d): time complexity of solving almost-sure parity games with N vertices and
largest priority d .

Here N = n ·
√
min(dd2

1 , dd1
2 ) and n is the number of vertices in the game and

d = d1 · d2.

Let T d1
n be the running time of the algorithm on a game with n vertices and largest

Ω1-priority d1.

T d1
n ∈ O(nd1 · ASPG(N, d1 · d2)).
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Special Cases

Table: Memory requirement (0 stands for memoryless) and complexity bound for the special
cases. New significant results appear in blue.

AS,−→
S, ↓ Büchi coBüchi Parityf Parity

Büchi finite, P ∞, P ∞, P ∞, NP ∩ coNP

coBüchi 0, P 0, P 0, P 0, NP ∩ coNP

Parityf finite, P ∞, P ∞, P ∞, NP ∩ coNP

Parity finite, NP ∩ coNP ∞, NP ∩ coNP ∞, NP ∩ coNP ∞, coNP-C

Thank you for your attention
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