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Modularity

Modularity Application: algorithms for community de-
A quantitative parameter | tection in networks

measuring the presence o detecting users with similar interests
of community structure

@ localizing web pages on related topics
in a graph. @ network compression and visualization

high modularity low modularity
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Modularity score of a partition

Modularity score of a partition A of G (Newman, Girvan, 2004)

G = (V,E) - graph with at least one edge
A - partition of V (into communities)

oy [(8)  (wl(S))?
mod 4(G) = ;4 (e(G) B <vo|(G)> )

where  e(S)=[{ec E:eC S} vol(S) =) csdeg(v)
(deg(v) - degree of v in G)

@ moda(6) = (7 = (1)) + (G~ (1)) = 38
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Modularity score of a partition

Modularity score of a partition A of G (Newman, Girvan, 2004)

G = (V,E) - graph with at least one edge
A - partition of V (into communities)

IV EORNCION
mod 4(G) = Z (e(G) - <vo|(G)> )

SeA

where  e(S)=[{ec E:eC S} vol(S) =) csdeg(v)
(deg(v) - degree of v in G)
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Modularity score of a partition

- e(S) vol(5) )2
mod 4(G) = Z <e(G) B (vol(G)> )

SeA
S A
3 E[52] = (=)
Single summand:
° :((g)) - fraction of edges within S
° (\\l’gll((g)))z - expected fraction of edges within S if we considered a

random multigraph G* on V with the expected degree sequence

given by G
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Modularity

Modularity score of a partition A of G (Newman, Girvan, 2004)

G = (V,E) - graph with at least one edge
A - partition of V (into communities)

_ v (e8) (wl(9))?
mod 4(G) = Z <e(G) - (vol(G)> ) )

SeA

Modularity of G (Newman, Girvan, 2004)

mod(G) = max mod 4(G)

4/14




Modularity

Modularity score of a partition A of G (Newman, Girvan, 2004)

G = (V,E) - graph with at least one edge
A - partition of V (into communities)

_ v (e8) (wl(9))?
mod 4(G) = Z (e(G) B (vol(G)> ) :

SeA

Modularity of G (Newman, Girvan, 2004)

mod(G) = max mod 4(G)

Fact Consider
mod(G) € [0,1). J A={V}.

4/14




Outline of the talk

@ Definitions

» Modularity

» Preferential attachment graph
@ Conjectures and the result
© Proof

» Step 1

» Step 2

» Martingales

Q@ Future work



Preferential attachment graph G/

3 0 8 @& v ® O ()

@ Construct a "tree" Ty,
» Mini-vertices come one by one: 1,2,3,...

J.Szymanski 1987; A.Barabasi, R.Albert 1999; R.van der Hofstad 2017
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Preferential attachment graph G/

3 0 8 @& v ® O

@ Construct a "tree" Ty,
» Mini-vertices come one by one: 1,2,3,...

» The mini-vertex t + 1 chooses the neighbor N(t) from 1,...

proportionally to its degree in T;:
d
= { eer, () for 1<s<t

P(N(t) = 2041

2t+1

J.Szymanski 1987; A.Barabasi, R.Albert 1999; R.van der Hofstad 2017
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Preferential attachment graph G/

3 0 8 @ T ® O

@ Construct a "tree" Ty,
» Mini-vertices come one by one: 1,2,3,...

» The mini-vertex t 4+ 1 chooses the neighbor N(t) from 1,... ¢t

proportionally to its degree in T;:
= {deng(s) for 1<s<t

P(N(t) = 241

2t+1

J.Szymanski 1987; A.Barabasi, R.Albert 1999; R.van der Hofstad 2017
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Preferential attachment graph G/

F~ B F~F-o) b 3§ )

@ Construct a "tree" Ty,
» Mini-vertices come one by one: 1,2,3,...
» The mini-vertex t + 1 chooses the neighbor N(t) from 1,... ¢t
proportionally to its degree in T;:

degy, (s)
t for 1<s<t
P(N(t) =s) = { 21t+1 . = .
m or s=t+ 1.

@ Construct G" by merging mini-vertices
{h(i—1)+1,...,h(i — 1)+ h} into a vertex i for i € {1,2,...,n}.

J.Szymanski 1987; A.Barabasi, R.Albert 1999; R.van der Hofstad 2017
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Preferential attachment graph G/

F~ B F~F-o) b 3§ )

@ Construct a "tree" Ty,
» Mini-vertices come one by one: 1,2,3,...

» The mini-vertex t + 1 chooses the neighbor N(t) from 1,... ¢t

proportionally to its degree in T;:

degy, (s)
t for 1<s<t
P(N(t) =s) = { 21t+1 . = .
m or s=t+ 1.

@ Construct G" by merging mini-vertices

{h(i—=1)+1,...,h(i — 1)+ h} into a vertex i for j € {1,2,...

Thn = (V,E), |V| = hn, |E| = hn
Gl =(V,E), |V|=n, |E|=hn

J.Szymanski 1987; A.Barabasi, R.Albert 1999; R.van der Hofstad 2017
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Modularity of random graphs - previous work

Graph G mod(G) [whp*]
Y Binomial G(n, p), p € [1/n,0.99] ©(1/y/np)
2 Random r-regular, r > rg
3 Random cubic
* Random planar
5) Preferential G"
® Preferential G

(
(
(
(
(
(

(1) McDiarmid, Skerman, 2020; Rybarczyk, Sulkowska, 2025+

*whp - with probability tending to 1 as n (the order of the graph) tends to infinity
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Modularity of random graphs - previous work

Graph G mod(G) [whp*]
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Modularity of random graphs - previous work
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Modularity of random graphs - previous work

Graph G mod(G) [whp*]

®) Binomial G(n,p), p € ... ©(1/y/np)

@ Random r-regular, r > ry | (0.76//r.2//r)

) Random cubic (0.66,0.79) <1>

avg deg(G)
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®) Preferential G Q(1/vh)
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Conjectures and the result
Conjecture 1 (Prokhorenkova, Pratat, Raigorodskii, 2017)

Let G" be a preferential attachment graph. Then whp

mod(G/") = ©(1/Vh).
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Conjectures and the result

Conjecture 1 (Prokhorenkova, Pratat, Raigorodskii, 2017)
Let G" be a preferential attachment graph. Then whp

mod(G/") = ©(1/Vh).

Conjecture 2 (Prokhorenkova, Pratat, Raigorodskii, 2017)
Let G" be a preferential attachment graph. Then whp

mod(G") LimiaN)
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Conjectures and the result
Conjecture 1 (Prokhorenkova, Pratat, Raigorodskii, 2017)

Let G" be a preferential attachment graph. Then whp

mod(G/") = ©(1/Vh).

Conjecture 2 (Prokhorenkova, Pratat, Raigorodskii, 2017)
Let G" be a preferential attachment graph. Then whp

mod(G/) 222 0.

Theorem (Rybarczyk, S., 2026)

Let G" be a preferential attachment graph. Then whp

mod(Gy) = O (Vinh/Vh).
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The result
Theorem (Rybarczyk, S., 2026)
Let G" be a preferential attachment graph. Then whp

mod(Gy) = O (Vinh/Vh).
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The result
Theorem (Rybarczyk, S., 2026)

Let G" be a preferential attachment graph. Then whp

mod(Gy) = O (Vinh/Vh).

Theorem (Rybarczyk, S., 2026)

Let G" be a preferential attachment graph. Then for every € > 0 whp

m o (L+e)f(h)
mod(G,) < —r
where
f(h) = 6g(h) +4v2In2 — g(h)?/V'h
with

g(h):é\/QIn2(9Inh+8In2)+(2/3)|n2+2.
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The result

Theorem (Rybarczyk, S., 2026)

Let G" be a preferential attachment graph. Then whp

mod(G") = (\/F/\f)

Theorem (Rybarczyk, S., 2026)

Let G" be a preferential attachment graph. Then for every € > 0 whp
1 f(h
mod(Gl) < L) (h)
Vh

where

f(h) ~3v2In2VIn h.
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The proof

@ Step 1: no need to consider all the partitions!

Lemma (Dinh, Thai, 2011)
G — graph with at least one edge, k € {2,3,...}

k
< —
mod(G) < — Amék mod_4(G)
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The proof

@ Step 1: no need to consider all the partitions!
Lemma (Dinh, Thai, 2011)

G — graph with at least one edge

d(G) €2 dA(G
mod(G) <2 max. mod.o(6)
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The proof

@ Step 1: no need to consider all the partitions!
Lemma (Dinh, Thai, 2011)

G — graph with at least one edge

d(G) €2 dA(G
mod(G) <2 max. mod.o(6)

Corollary

G — graph with at least one edge

e(S)  vol(S)?
mod(G) < 42“83/( (e(G) - voI(G)2)
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The proof
e Step 2: concentration results for e(S) and vol(S)

Corollary

G — graph with at least one edge

e(S)  vol(S)?
mod(G) < 422\)/( (e(G) - VO|(G)2)
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The proof

e Step 2: concentration results for e(S) and vol(S)
Corollary

G — graph with at least one edge

e(S) vol(S)?
mod(G) < 4g1ga‘>/< (e(G) - voI(G)z)

~ m
arv

S BT~ o) & ©

Gri: =(V,E), Tpp= (\7, E) S C YV and S - V- counterparts

Observation:  e(S) =e(S) and vol(S) = vol(5)
depend on the arrival time of vertices; but how?
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The proof
e Step 2: concentration results for e(S) and vol(S)

Corollary

G — graph with at least one edge

e(S)  vol(S)?
mod(G) < 42153/( (e(G) - VO|(G)2)

— m
S Y P—

& &[T w)D & ©

Grif =(V,E), Tpp= (\7, E) S C YV and S - V- counterparts

Observation:  e(S) =e(S) and vol(S) = vol(5)
depend on the arrival time of vertices; but how?

Hint: relation between Ty, and a random graph G* = (V*, E*):
o V*=hn]
@ edge {/,/} present with probability 1/(21/ij), independently of the
other edges

(Bollobas and Riordan, 2004) 10/ 14



The proof
e Step 2: concentration results for e(S) and vol(S)

Corollary

G — graph with at least one edge

e(S)  vol(S)?
mod(G) < 4215)/( (e(G) - voI(G)z)

: B~ 8 ¥ ww » 8 v

Gh = (V,E), Tp, = (V, S C V and S C V - counterparts

),
Observation:  e(S) =e(S) and vol(S) = vol(5)
depend on the arrival time of vertices; but how?

Hint: relation between T, and a random graph G* = (V*, E*):
e V* =[hn]
e edge {/,/} present with probability 1/(21/j), independently of the
other edges

(Bollobas and Riordan, 2004)
10/14



Concentration results for ¢(S) and vol(S)
In G* = (V*,E*) for § C V*

Elec-(5)] = (ZM) + O(In (hn))

JES

E[volg«(5)] = 2 (.Z 2\1[) (Z 2\[) + O(In (hn))

€[hn]
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Concentration results for ¢(S) and vol(S)
In G* = (V*,E*) for § C V*

Elec-(5)] = (ZM) + O(In (hn))

JES

E[volg«(5)] = 2 (.Z 2\1[) (Z 2\[) + O(In (hn))

Jj€[hn]
In G whp for all S C V
e(S) = 11°(5) + O (hn Vinh/Vh)
vol(S )—2\ﬁ/1( )+O<hn\/ﬁ/\f>

3||
where /(S ):2\f2ﬂ5 “chéﬁ
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Concentration results for ¢(S) and vol(S)
In G* = (V*,E*) for § C V*

o 1
Eleg-(5)] = Z.) + O(In (hn))
(J’e§ 2Vi

E[volg«(5)] = 2 (.Z 2\1[) (Z 2\[) + O(In (hn))

J€[hn]
In G whp for all S C V
e(S) = 1*(5)+ 0 (hn m/\fh)
vol(S) = 2v/hn 1(5) + O (hnvin h/v/h)
where 1(S5) = 37 Y5 Bt ~ Yies 54

The exact formula for M(S) follows from martingale techniques.
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The proof

Corollary

G — graph with at least one edge

mod(G) < 4 max
SCV

(£8) - mlor)
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The proof
Corollary

G — graph with at least one edge

e(S)  vol(5)?
mod(6) < 4 ( 255 ~ ey

Theorem
G = (V, E) - preferential attachment graph; then whp for all S C V
e(S) = u(5)? + O(hnvn h/\/h)
vol(S) = 2v/hnu(3) + O(hnVn h/V/'h)

where S — counterpart of S in Ty,
= 2j—3)1
u(S) = %ﬁzjé Ezj'—zg!! ~ Zje§ ﬁ

The desired result follows: whp mod(G/") = O(v/In h/v/h).
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Martingale techniques for e(5) and vol(5)

© Start with vol(S).
> Set Zt = VOITt(gt)-
» Define a martingale*

Zy =2y — g Ci—1, G =
Jjes

(2j — 1)
enlt

A

» Apply Freedman'’s inequality to Z/h, 4%

* Inspired by Frieze, Pratat, Pérez-Giménez, Reiniger, 2019
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Martingale techniques for e(5) and vol(5)

© Start with vol(S).
> Set Zt = VOITt(gt)-
» Define a martingale*

Zy =2y — g Ci—1, G =
Jjes

(2j — 1)
enlt

» Apply Freedman'’s inequality to Z/h, s e
@ Continue with e(S).
> Set Xt == eTt(St).

» Define a martingale

t
Xe=Xe =Y EIX; = Xj-1|Fal,
j=2
Fj — o-algebra associated with all the events till time j.

> Apply Azuma-Hoeffding inequality to X, use the concentration result
for vol(S;).

* Inspired by Frieze, Pratat, Pérez-Giménez, Reiniger, 2019
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Future and related work

Theorem (Rybarczyk, S., 2026)

Let G" be a preferential attachment graph. Then whp

mod(G") = (\/F/\f)

Conjecture 1 (Prokhorenkova, Pratat, Raigorodskii, 2017)

Let G" be a preferential attachment graph. Then whp

mod(G/) = ©(1/Vh).

14 /14




Future and related work

Theorem (Rybarczyk, S., 2026)
Let G" be a preferential attachment graph. Then whp

mod(G") = (W/f)

Conjecture 1 (Prokhorenkova, Pratat, Raigorodskii, 2017)
Let G" be a preferential attachment graph. Then whp

mod(G/) = ©(1/Vh).

Our theorem gives non-trivial bound for h > 810.
Bounds on mod(G/") for small h: independent work with McDiarmid,
Rybarczyk, Skerman.
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Thank youl!
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Martingale inequalities

Azuma-Hoeffding inequality

If Xo,X1,...,X, is a martingale and there exist by, ..., b, such that
|X; — Xj—1| < bj for each j € [n], then, for every x > 0,

X2
PXo 2 Xo+x] <expd—o=r—5 (-
230, b7

Freedman’s inequality

Let Xo, X1, ..., X, be a martingale with respect to a filtration
FoC F1 C...C Fp. Set A, = max,-e[k](X; = X,'_l) and

Wy = Zf-;l Var[X; — X;_1|Fi—1]. Then for every A\ > 0 and W, A > 0 we
have

A2
P[3k Xe > Xo+ AW < WA <Al <expd—— 2|
Bk elnl Xi>Xo+A Wi k<Al eXp{ 2W+2A)\/3}




