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KMP Fails for Wildcards

We might be at multiple nodes. 

 Instead of linear time search we need quadratic 
time search. ababb

abab?



Wildcard case

Can be solved in time              .                 

Completely different approach: polynomial multiplication
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Wildcard case

1/37 1/53 1/37 1/53 1/37 0 1/53 0

37 53 37 53 0 37 53 0

5

a    b    a    b     ?    a     b    ?

a    b    a    b      a    ?     b    ?

a : 37 
B : 53

Integer



Dynamic Setting

Start with two empty strings.   

Each time a character is added or removed from/to     or    .   

Upon each change we should report whether     appears in    .



Previous Work



Our Results



Lower Bound

Each update takes time        even if the text remains intact. 

Reduction from Orthogonal Vector



Orthogonal Vectors

    0/1 vectors of size            called      
    0/1 vectors of size            called      

Are there vectors           and           such that 

Orthogonal Vectors cannot be solved in time              unless Strong Exponential Time 
Hypothesis fails.



Reduction from OV to Dynamic Pattern Matching with Wildcards

Put the     vectors of     next to each other separated by #. 

Start with #0000…00# for the pattern. 

 Iterate over     and for each vector         : 

Change the pattern to                                  where:

and
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Reduction from OV to Dynamic Pattern Matching with Wildcards

Text remains constant throughout the lifetime of the algorithm. 

At most            wildcards at each point in time

Theorem [this work] Dynamic String Matching with 
 
 Wildcards cannot be solved with update time                

     

    unless Strong Exponential Hypothesis is refuted.



Case with Only One Wildcard

Use dynamic hashing so that the hash values of the substrings of the 
pattern can be found in time       . 

Whether or not a given substring of the text matches the pattern can 
determined in time        .

a b a ? a b a a

a b a a a b a ab a b a a a

equal hash equal hash



Case with Only One Wildcard

Call a character rare if it appears at most            times and frequent 
otherwise.  

 If any rare character contributes to the solution, the solution can be 
found in time           . 

Difficult case: 
All non wildcard characters of the pattern are frequent! 
Two cases 
1- the only wildcard matches a frequent character. 
2- the only wildcard matches a rare character.



1- Wildcard Matches a Frequent Character

Each frequent characters appears in at least            positions. 

Their total count is at most           . 

Can be reduced to            queries in the non-wildcard setting. 

Queries can be handled in time           .   



2- Wildcard Matches a Rare Character

Maintain a parallel instance of the problem where rare characters are 
replaced with a special character #. 

Replace the only question mark with # in this instance of the problem. 

Since the only character that matches with # is wildcard, it doesn’t 
matter which one it is. 

Each query can be solved in time        . 
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Theorem [this work] Dynamic String Matching with 
 
 One Wildcards can be solved with update time             .

What if we have more wildcards?



Case with Only    Wildcard

Whether or not a given substring of the text matches the pattern can  
be determined in time        . 

Redefine rare characters by a new threshold         .  

 If there is any rare character in the pattern, previous approach still 
works. 

There are              options for each wildcard: 
1- a rare character (1 option) 
2- any of the frequent characters (        options)
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Total cases to 
consider:



Case with Only    Wildcard

For constant     the update time is truly sublinear. 

For                  the update time is sublinear.

Theorem [this work] Dynamic String Matching with 
 
      Wildcards can be solved with update time                .



Thank You!

Can we get truly sublinear for          
.                (as opposed to just 
sublinear)                                           


