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Resilience of queries

database — a relational structure 2(

conjunctive query — a formula g of the form Jy;,
where ¢); are atomic

oy (LA A ),
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Resilience of queries

database — a relational structure 2(

conjunctive query — a formula g of the form dys, .
where ¢); are atomic
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Fixed conjunctive query q.
Input: a finite database 2, v € N

Output: Can we remove < u tuples from relations of 2 so that 2l ~ g?

Appears first in [Meliou, Gatterbauer, Moore, Suciu '10].
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database — a relational structure A
conjunctive query — a formula g of the form Jys, ...,y (V1 A+ A ),
where ¢); are atomic

Fixed conjunctive query q.
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2 so that 2l ~ g?

Appears first in [Meliou, Gatterbauer, Moore, Suciu '10].

Example: The resilience of A
a b
q=3xy,2(R(x,y) AR(y, 2)) ¥y
with respect to 20 is 1 — remove (c, e). e
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Resilience of queries

database — a relational structure A
conjunctive query — a formula g of the form Jys, ...,y (V1 A+ A ),
where ¢); are atomic

Fixed conjunctive query q.
Input: a finite database 2, v € N
Output: Can we remove < u tuples from relations of 2 so that 2l ~ g?

Appears first in [Meliou, Gatterbauer, Moore, Suciu '10].

Example: The resilience of A
a b
q=3xy,2(R(x,y) AR(y, 2)) ¥y
with respect to 20 is 1 — remove (c, e). e

Goal: Classify complexity of resilience for all g (always in NP).
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Translation to a dual problem
X y

Example: R ) \'/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y) S(y)
canonical structure incidence graph I(q)
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Translation to a dual problem
X y

Example: R ) \'/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y) S(y)
canonical structure incidence graph I(q)

2A — B — A maps homomorphically to %5

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a structure €, such that for every finite 2:

AfEge QAA S A
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g :=3x,y(R(x,y) A S(y)) x i R(x,y) S(y)
canonical structure incidence graph I(q)

2A — B — A maps homomorphically to %5

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a structure €, such that for every finite 2:

AfEge QAA S A

o €4 can be chosen so that Aut(Cq) is oligomorphic.
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Translation to a dual problem
X y

Example: R ) \'/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y) S(y)
canonical structure incidence graph I(q)

2A — B — A maps homomorphically to %5

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a structure €, such that for every finite 2:

AKEqg e QA-AA < A,
o €4 can be chosen so that Aut(Cq) is oligomorphic.

o €4 can be chosen finite iff I(q) is a tree [NeSetFil, Tardif '00; Larose,
Loten, Tardif '07].
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Translation to a dual problem
X y

Example: R ) \'/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y) S(y)
canonical structure incidence graph I(q)

2A — B — A maps homomorphically to %5

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a structure €, such that for every finite 2:

AKEqg e QA-AA < A,
o €4 can be chosen so that Aut(Cq) is oligomorphic.

o €4 can be chosen finite iff I(q) is a tree [NeSetFil, Tardif '00; Larose,
Loten, Tardif '07].

o

oligomorphic — countable domain Cy and the action of Aut(&,) on (Cg)"

has finitely many orbits for every n > 1
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Translation to a dual problem
X y

Example: R ) \'/I
g :=3x,y(R(x,y) A S(y)) x i R(x,y) S(y)
canonical structure incidence graph I(q)

2A — B — A maps homomorphically to %5

Let q be a query and Q its canonical structure. If 1(q) is connected, then
there exists a structure €, such that for every finite 2:

AKEqg e QA-AA < A,
o €4 can be chosen so that Aut(Cq) is oligomorphic.

o €4 can be chosen finite iff I(q) is a tree [NeSetFil, Tardif '00; Larose,
Loten, Tardif '07].

o

Example: For every finite directed graph G we have: 4G e G _>T
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Valued Constraint Satisfaction Problem

CSP — satisfiability of a conjunction of atomic formulas
— generalize by giving values to constraints
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Valued Constraint Satisfaction Problem

CSP — satisfiability of a conjunction of atomic formulas
— generalize by giving values to constraints
A valued structure A consists of:
o (countable) domain D
o (finite, relational) signature 7
o for each R € 7 of arity k, a function R®: DK — QU {oo}
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Valued Constraint Satisfaction Problem

CSP — satisfiability of a conjunction of atomic formulas
— generalize by giving values to constraints
A valued structure A consists of:
o (countable) domain D
o (finite, relational) signature 7
o for each R € 7 of arity k, a function R®: DK — QU {oo}

Input: v € Q, an expression

¢(X17"'7Xn) = th

where each ); is an atomic 7-formula
Output: Is

inf <uinA?
Jnf, o(t) <uin
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Connection of resilience and VCSPs

query g with /(q) connected (WLOG) ~ obtain the dual structure € ~
turn it into a valued structure Ay with cost functions taking values 0 and 1
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Connection of resilience and VCSPs

query g with /(q) connected (WLOG) ~ obtain the dual structure € ~
turn it into a valued structure Ay with cost functions taking values 0 and 1

The resilience problem for q equals VCSP(A,).

Remark: We have to consider bag databases — a database 2l might
contain a tuple with multiplicity > 1.

Example: Input R(x,y) + R(x, y) for VCSP(A) corresponds to a
database with multiplicity 2 for R(x,y).
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query g with /(q) connected (WLOG) ~ obtain the dual structure € ~
turn it into a valued structure Ay with cost functions taking values 0 and 1

The resilience problem for q equals VCSP(A,).

Remark: We have to consider bag databases — a database 2l might
contain a tuple with multiplicity > 1.

Example: Input R(x,y) + R(x, y) for VCSP(A) corresponds to a
database with multiplicity 2 for R(x,y).

Example: g, = 3x,y,z(R(x,y) A R(y, z))
<, :Iz{a, Z} R = {)Ea7 b)})«f Ag, g 4G & G-t
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Connection of resilience and VCSPs

query g with /(q) connected (WLOG) ~ obtain the dual structure € ~
turn it into a valued structure Ay with cost functions taking values 0 and 1

The resilience problem for q equals VCSP(A,).

Remark: We have to consider bag databases — a database 2l might
contain a tuple with multiplicity > 1.

Example: Input R(x,y) + R(x, y) for VCSP(A) corresponds to a
database with multiplicity 2 for R(x,y).

Example: g, = 3x,y,z(R(x,y) A R(y, z))
€q, = ({2, b} R = {(a,b)}) ~ Aq,
resilience problem for g, = VCSP(Ag,)

= Max-Cut problem for directed multigraphs (NP-complete)

4G & G-t
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Pp-constructions

Feas(R) := {t | R(t) < oo}
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Pp-constructions

Feas(R) := {t| R(t) < oo}
Opt(R) := {t € Feas(R) | R(t) < R(s) for every s € Ck}
(A) — smallest superset of valued relations of A closed under forming

sums of atomic expressions, taking infimum, shifting, non-negative scaling,
Feas, and Opt
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Opt(R) := {t € Feas(R) | R(t) < R(s) for every s € Ck}
(A) — smallest superset of valued relations of A closed under forming

sums of atomic expressions, taking infimum, shifting, non-negative scaling,
Feas, and Opt

o Ais a pp-power of I if D = C9 for some d € N and every valued
relation R of A lies in (I') when viewed as R : C9% — QU oo.
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Pp-constructions

Feas(R) := {t | R(t) < oo}
Opt(R) := {t € Feas(R) | R(t) < R(s) for every s € Ck}
(A) — smallest superset of valued relations of A closed under forming

sums of atomic expressions, taking infimum, shifting, non-negative scaling,
Feas, and Opt

o Ais a pp-power of I if D = C9 for some d € N and every valued
relation R of A lies in (I') when viewed as R : C9% — QU oo.

o f: C — D is a (Dirac fractional) homomorphism from I' to A if for
every R of arity k and t € C¥, RA(f(t)) < R (¢).

o [ (baby) pp-constructs A if A is homomorphically equivalent to a
pp-power of I'.

Fact (Bodirsky, S., Lutz '24): If Aut(I) is oligomorphic and I
pp-constructs A, then VCSP(A) reduces to VCSP(I') in polynomial time.
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Classification for digraph queries

R — binary relation symbol
digraph query — a query over signature {R}
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Classification for digraph queries

R — binary relation symbol
digraph query — a query over signature {R}

qe := Ix R(x,x)
ge :=3x,y R(x.y)

"

_—

qe =3, y(R(x,y) AR(y,x)) <=
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Classification for digraph queries

R — binary relation symbol
digraph query — a query over signature {R}

qe := Ix R(x,x) Q
ge :=3x,y R(x,y) —
qe =3, y(R(x,y) AR(y,x)) <=

Observation: For ¢ € {q/, g., g.}, the resilience problem for g is in P.
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Classification for digraph queries

R — binary relation symbol
digraph query — a query over signature {R}

qe := Ix R(x,x) Q
ge :=3x,y R(x,y) —
qe =3, y(R(x,y) AR(y,x)) <=

Observation: For ¢ € {q/, g., g.}, the resilience problem for g is in P.
— Aq also satisfies a condition based on fractional polymorphisms.
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Classification for digraph queries

R — binary relation symbol
digraph query — a query over signature {R}

qe := Ix R(x,x) Q
ge :=3x,y R(x,y) —
qe =3, y(R(x,y) AR(y,x)) <=

Observation: For g € {q/. g, qc}, the resilience problem for g is in P.
— Ay also satisfies a condition based on fractional polymorphisms.

Let g be a minimal digraph query. If g € {qs. g, qc}, then the resilience
problem for q is in P. Otherwise, Ay pp-constructs 1-in-3-SAT and the
resilience problem for q is NP-complete.
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Self-join-free queries and their variations

self-join-free query — query where no relation symbol appears twice
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Self-join-free queries and their variations

self-join-free query — query where no relation symbol appears twice
self-join variation — a query obtained from a self-join-free query by
replacing some relation symbols with the same symbol

Let q be a self-join-free query over a binary signature. If g contains an
oriented cycle of length > 3, then Ag pp-constructs 1-in-3-SAT.
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Self-join-free queries and their variations

self-join-free query — query where no relation symbol appears twice
self-join variation — a query obtained from a self-join-free query by
replacing some relation symbols with the same symbol

Let q be a self-join-free query over a binary signature. If g contains an
oriented cycle of length > 3, then Ag pp-constructs 1-in-3-SAT.

Let g be a self-join variation of a self-join-free query q'. If q is minimal,
then Ag pp-constructs Ay .

Corollary: The first theorem is true without the assumption that q is
self-join-free.
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Classification theorem: proof sketch

o WLOG gq is minimal and connected.
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Classification theorem: proof sketch

o WLOG gq is minimal and connected.

o If g contains an oriented cycle of length > 3, then Ag pp-constructs
1-in-3-SAT.
o Suppose that g does not contain such cycle and q ¢ {qv, ge, g }-
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Classification theorem: proof sketch

o WLOG gq is minimal and connected.

o If g contains an oriented cycle of length > 3, then Ag pp-constructs
1-in-3-SAT.

o Suppose that g does not contain such cycle and q ¢ {qv, ge, g }-

o Then, by minimality, g is an orientation of a tree.
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Classification theorem: proof sketch

©

WLOG g is minimal and connected.

©

If g contains an oriented cycle of length > 3, then A4 pp-constructs
1-in-3-SAT.
Suppose that g does not contain such cycle and g ¢ {qv, ge, gc }-

©

©

Then, by minimality, g is an orientation of a tree.

(+]

Hence, €4 can be chosen finite and without directed cycles.
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Classification theorem: proof sketch

©

WLOG g is minimal and connected.

©

If g contains an oriented cycle of length > 3, then A4 pp-constructs
1-in-3-SAT.

Suppose that g does not contain such cycle and g ¢ {qv, ge, gc }-
Then, by minimality, g is an orientation of a tree.

Hence, €4 can be chosen finite and without directed cycles.

© © o o

We use the longest path in €4 to pp-construct A, in Ag.
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If g contains an oriented cycle of length > 3, then A4 pp-constructs
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Classification theorem: proof sketch

©

WLOG g is minimal and connected.

©

If g contains an oriented cycle of length > 3, then A4 pp-constructs
1-in-3-SAT.

Suppose that g does not contain such cycle and g ¢ {qv, ge, gc }-
Then, by minimality, g is an orientation of a tree.

Hence, €4 can be chosen finite and without directed cycles.

We use the longest path in €4 to pp-construct A, in Ag.

Ag, pp-constructs 1-in-3-SAT.

© © 06 0 o o

We are done by the transitivity of pp-constructability.
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Future of resilience

Next to-do: Prove a P vs. NP-complete complexity dichotomy for
conjunctive queries over a binary signature.

S
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