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Cartesian tree matching with substitutions

■ not so much money in research ... maybe use algorithmic skills to exploit the stock market

given:
■ price history of stock (the text)
■ interesting trend in price (the pattern)

■ exact pattern matching not OK
■ only care about relative order

=⇒ Cartesian tree matching:
=⇒ match iff Cartesian trees are equal

Previous-smaller-tree of an array:

■ dummy root node (−∞)
■ attach every value to closest value

on the left that is smaller or equal

.problem: not very robust...

.solution: allow k substitutions in text

. before computing tree
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A standard trick...

■ search for CT matches with k substitutions, pattern of length m := |P |, text of length n := |T |

■ complexity is function of k, m, n... cumbersome in algorithm design and analysis

“standard trick”: find matches of P in T =⇒ find matches of P in O(n/m) texts, each of length 1.5 · m

T =

P

000

T1 T2 T3 T4
T5 T6 T7

T8 T9 T10

1.5m 3m 4.5m

0 m−1

0 n−1

■ cut T into blocks of size 1.5m (add padding if needed)
■ let blocks start not only at multiples of 1.5m, but at multiples of 0.5m

■ O(n/m) blocks, as promised!
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4
Cartesian tree matching with substitutions

■ text T [1 . . 1.5m], pattern P [1 . . m], threshold k

■ output all fragments T [i . . i + m) at Hamming distance ≤ k

to a string that has same CT as P

Fastest previous algorithm: O(m2k) time
[Kim+Han ’25].

New: O(m
√

mk2.5) time
[Charalampopoulos et al. ’26].
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5
Some other flavors of this kind of pattern matching

Equality matching (with k mismatches)
■ not very well suited for finding trends in series data

Cartesian tree matching (with k mismatches)
■ match iff CT of P and T [i . . i + m) is the same

Order preserving matching (with k mismatches)
■ match iff relative order of symbols

in P and T [i . . i + m) is the same

Matching with lower and upper bounds Pℓ and Pu

■ match iff T [j] ∈ [Pℓ[j], Pu[j]] for j ∈ T [i . . i + m)

Dynamic time warping
■ non-uniformly stretch and/or squeeze pattern

to maximize similarity with text fragment

[Gawrychowski+Uznanski ’18; Kim+Han ’25; Gawrychowski+Uznanski ’16; Labib et al. ’19; Boneh et al. ’24]
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Õ(mk)

Lower/Upper
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Õ(m2k)
CT
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Õ(m

√
m)

DTW
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Õ(mk)
OPPM
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Õ(m2)
DTW
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Õ(m +

√
mk)

Equality
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6
Much slower than equality matching...

... Õ(m +
√

mk) equality matching vs Õ(m
√

mk2.5) Cartesian tree matching. But why?

■ equality matching can use FFT for small alphabets: Õ(m |Σ|) for pattern over alphabet Σ

■ vastly different verifiers for occurrences

query for equality matching:
compute hd(P, T [i . . i + m))

up to threshold k

P T

data structure
with O(m) constr. time

and O(k) query time

query for CT matching:
compute CT-hd(P, T [i . . i + m))

up to threshold k

T

P

optimized DP in O(mk) time

■ algorithms for equality matching heavily exploit periodicity
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... Õ(m +
√

mk) equality matching vs Õ(m
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7
Sometimes we can reduce to exact CT matching

■ fix some parameter ∆ ∈ [2k,
√

m/2] to define some anchor substrings of P

■ ∆ non-overlapping fragments of P
■ each of length ℓ ≈ m/(2∆)
■ no two of them have the same CT

P = · · ·
T [i . . i + m) =

P1
T1

P2
T2

P3
T3

P∆ − 1
T∆ − 1

P∆
T∆

ℓ

CT (P3) ̸= CT (T3)? At least one substitution in T3!

■ if T [i . . i + m) and P have same CT, then also Pi and Ti have same CT
■ if T [i . . i + m) and P have same CT after k substitutions in T

then Pi and Ti have same CT for at least ∆ − k ≥ ∆/2 choices of i

■ use exact CT matching to find all occurrences of all Pi in T in Õ(m∆) time
■ at most O(m) occurrences in total, at most O(m/∆) text fragments have enough matches
■ verify each in O(mk) time
■ overall time Õ(m2k/∆ + m∆) = Õ(m

√
m · poly(k)) using ∆ = Θ(

√
m/poly(k))
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√
m · poly(k)) using ∆ = Θ(

√
m/poly(k))



7
Sometimes we can reduce to exact CT matching

■ fix some parameter ∆ ∈ [2k,
√

m/2] to define some anchor substrings of P

■ ∆ non-overlapping fragments of P
■ each of length ℓ ≈ m/(2∆)
■ no two of them have the same CT

P = · · ·

T [i . . i + m) =

P1

T1

P2

T2

P3

T3

P∆ − 1

T∆ − 1

P∆

T∆

ℓ

CT (P3) ̸= CT (T3)? At least one substitution in T3!

■ if T [i . . i + m) and P have same CT, then also Pi and Ti have same CT
■ if T [i . . i + m) and P have same CT after k substitutions in T

then Pi and Ti have same CT for at least ∆ − k ≥ ∆/2 choices of i

■ use exact CT matching to find all occurrences of all Pi in T in Õ(m∆) time
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√
m · poly(k)) using ∆ = Θ(

√
m/poly(k))



7
Sometimes we can reduce to exact CT matching

■ fix some parameter ∆ ∈ [2k,
√

m/2] to define some anchor substrings of P

■ ∆ non-overlapping fragments of P
■ each of length ℓ ≈ m/(2∆)
■ no two of them have the same CT

P = · · ·
T [i . . i + m) =

P1
T1

P2
T2

P3
T3

P∆ − 1
T∆ − 1

P∆
T∆

ℓ

CT (P3) ̸= CT (T3)? At least one substitution in T3!

■ if T [i . . i + m) and P have same CT, then also Pi and Ti have same CT

■ if T [i . . i + m) and P have same CT after k substitutions in T

then Pi and Ti have same CT for at least ∆ − k ≥ ∆/2 choices of i

■ use exact CT matching to find all occurrences of all Pi in T in Õ(m∆) time
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■ at most O(m) occurrences in total, at most O(m/∆) text fragments have enough matches
■ verify each in O(mk) time
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What if we can’t find enough anchors?

■ fix some parameter ∆ ∈ [2k,
√

m/2] to define some anchor substrings of P

■ ∆ non-overlapping fragments of P
■ each of length ℓ ≈ m/(2∆)
■ no two of them have the same CT

P =

T [i . . i + m) =

P1 P2 P3 P∆ − 1 P∆

P1 P2 P3 P4

ℓ

≡ P2
≡ P1
≡ P3
≡ P2

■ find as many anchors as possible
■ there must some lengthy fragment of P with no anchors

■ zoom in...

P = · · · · · ·≡ P2
≡ P2

≤ ∆ ℓ ≥ 2∆
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