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The Strip Packing Problem

Given : A strip of width W , rectangles
r1, . . . , rn of width wi and height hi .

Task : Find a minimum height packing
of the rectangles into the strip.

⋄ Generalizes Bin Packing (all rectangles have height 1)

⋄ Generalizes Makespan Minimization (all rectangles have width 1)

⋄ Strongly NP-hard
⋄ Unless P=NP, no better-than-3/2 approximation
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The Bottom-Left Algorithm [Baker, Coffman, Rivest SICOMP 1980]

1. Place the rectangles in the given order at the lowest free position.

2. Use the left-most position in case of ties.
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Overview of results

Baker, Coffman, Rivest [SICOMP 1980]
Order rectangles by decreasing width: hdecr-w

BL ≤ 3 · hOPT

⋄ Conceptually simple
⋄ Practical relevants
⋄ Many orderings of the rectangles: n!

13
6 ≈ 2.167
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Decreasing width lower bound [Baker, Coffman, Rivest SICOMP 1980]

Checkerboard
There is an instance such that hdecr-w

BL ≥ (3 − ϵ)hOPT.
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FQW-ordering [Hougardy, Zondervan STACS’26]

Algorithm FQW-ordering
1: F = ∅
2: for rectangle r in order of decreasing height do
3: if wr +

∑
f ∈F wf ≤ W then

4: Add r to F

5: W = {r ∈ R \ F | wr > 1
2W }

6: Q = R \ (W ∪ F)

7: return the ordering:
8: 1. F by decreasing height,
9: 2. Q by decreasing width,

10: 3. W in any order
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13/6-approximability [Hougardy, Zondervan STACS’26]

F r1 r2 r3 r4 r5 r6

Q

r7

r8 r9

r10

r11 r12

r13

W r14
r15

0

hBL

W /2 W

H7

H8

H10

H11

H14

H15

H16

Theorem: hFQW
BL ≤ 13

6 · hOPT

Proof:
⋄ Area of rectangles:

hOPT · W ≥ A
⋄ Split the strip in horizontal strips Hi

⋄ Distinguish Hi ’s by type
⋄ On average, Hi is at least near-half occupied:

A(Hi) ≥ 1
2+α · h(Hi) · W

⋄ Thus,

hOPT ≥ A
W

=
∑

i A(Hi)
W ≥

∑
i

h(Hi)
2 + α

= hBL
2 + α

=⇒ hBL ≤ (2 + α) · hOPT
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Half occupied strips [Baker, Coffman, Rivest SICOMP 1980]

Theorem
Suppose that before placing ri , there is a Q-rectangle in Hi touching the strip boundary.
Then ...

Hi is at least half occupied.

Proof:
1. Hi alternates between rectangles and gaps
2. Rectangles in Hi are wider than ri
3. Gaps are narrower than ri

ri

Hi
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Less than half occupied strips [Hougardy, Zondervan STACS’26]

Theorem
The union

⋃
Hi of the remaining Hi is at least 1

2

(∑
h(Hi) − 1

6 · hOPT
)

· W occupied.

Quadratic program with variables: αk (heights), βk (widths).

Maximum amount of unoccupied space in
⋃

Hi .

maximize
∞∑

k=1
αk ·

1
2W + βk − 1

2

∞∑
j=k

βj


subject to 0 ≤ αk ≤ 1

2hOPT for all k ∈ N,

∞∑
k=1

αk ≤ h,

0 ≤ βk ≤ 1
2k + 1W for all k ∈ N,

∞∑
k=1

βk ≤ W .
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Take away message
Summary

⋄ New FQW-ordering: tall rectangles on bottom; remaining rectangles by decreasing width.

⋄ Almost all Hi are at least half occupied (alternating rectangle/gap).
⋄ The few remaining Hi are at least near-half occupied (quadratic program).
⋄ Improve the BL approximation ratio from 3 to 13

6 ≈ 2.167 (area argument).

Open problems

⋄ Close the 4
3 − ϵ to 13

6 gap for the Bottom-Left algorithm.
⋄ Close the 3

2 − ϵ to 5
3 + ϵ gap for general Strip Packing algorithms.
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